DATE OF EXAM 2015-16 Solution
Measure theoretic Probability - MIDTERM Exam - M-math 1st year

1. Let (Q,F,u) be a Boolean measure space; let p* denote the corresponding outer measure. If
p*(E) =0, show that E is p*-measurable.

Solution: A subset F C  is said to be p*-measurable if
p(A) = p (ANE) + p" (AN E)

for AC Q. Now (ANE) C E and p*(E) = 0 given, hence p*(ANE) = 0. Again (AN E°) C A and
by monotonicity p*(A4) > p*(A N E€). Therefore

1(A) > 0+ u' (AN E°) = (AN B) 4+ (AN E°),

for all A C Q. So, we conclude that F is p*-measurable.
O

2. Let f be real valued function on a measurable space (£2, B). Show that f is measurable iff E, € B for
any rational number r, where E, = {w € Q: f(w) <7}.

Solution: For r rational number

oo

{weQ:f(w)gr}:ﬂ{weQ:f(w)<r+%},

n=1

countable intersection of measurable sets is measurable. Again
> 1
{weQ: flw)<r}= U {weQ:f(w)Sr—E},
n=1

countable union of measurable sets is also measurable. Hence the proof.
|

3. Let (2, B, 1) be a o— finite measure space, and let f be nonnegative integrable function on it. Define
ME) = [ f(w)du(w) for E € B. Show that X is a totally finite measure on (Q2, B).

Solution: We know, p is a o— finite measure iff there exists a sequence {S,}52; € B s.t. U2 S, =,
S1 C So,---, and p(S,) < oo for all n.

Now E € B= FE € S}, for some k and given that f > 0 and integrable function, hence
AE) = [ @) < [ ).
E k

Since, p(Sk) < oo and E is choosen arbitrarily, hence the result.



]

4. Let f be a real valued measurable function on a o-finite measure space (2, B,u). Forn = 1,2
define

falw) =—n, if f(w) < (-n),
fa(w) = f(w), if [f(w)| <n,
folw) =n, if f(w) >

i) Show that f, is a measurable function for each n.

3

ii) If f is integrable w.r.t. u, show that [, f(w)du(w) = lim, e [o fr(w)du(w).

iii) If sup,, [, [fn(w)]dp(w) < oo, show that f is integrable w.r.t. .

Solution: i)
fo=f-1a,+(-n) 1p, +n-1c,.

Where
Ay = {ws ()] <0},

B, ={w: f(w) < —n},
Cp =A{w: f(w) > n}.
Hence, f,, is measurable function for each n.
ii) f is integrable. Define
Fe =1 Yuip@)zoy
J— = —F 1w pw)<o}s
Foi = fn Mg 0h
Fno= o D<oy

Then observe fi, f_, fu,, fn_ are all measurable. Again,

f=tfe— 1

Further,
0< fr <|f] ae.

0<f_<|f] ae
Therefore, f,, f— are integrable. Again
fTur T f+ and fn, T f*'
Therefore |f,| 1 |f|. Hence, the result follows from MCT.

iii) Since, |fy| 1 |f| as n — oo and sup,, [, | fn(w)|dp(w) < co given. Therefore, the result follows from
MCT. (]



